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Abstract. The Spectral/HP element method has been applied to perform Direct Numerical Simulations (DNS) over a single T106A 
turbine blade-row using the open source software Nektar++. The main goal of the current study is to perform preliminary 
investigations at modest Reynolds and Mach numbers, 8000 and 0.1 respectively, for uniform, steady flow past the aerofoil by 
employing Nektar++’s solver for the 2D Navier-Stokes equations for incompressible flow. The mesh was firstly validated against results 
obtained using the same software and for a similar set of parameter values. One dimensional, pitch-wise harmonic vibrations were 
subsequently imposed on the blade by means of a coordinate transformation. A parametric study in terms of the frequency and 
amplitude of the vibrations was carried out. The effects of the vibrations on entire domain, along the blade surface and in its wake were 
assessed. The pressure on the blade surface and the wake loss were each decomposed into components arising due to the mean flow 
and due to the vibrations. In each case the dominant components were then identified for the values of frequency and amplitude 
considered here. 
Keywords: DNS; Spectral/hp element method; Low-pressure turbine; Blade vibrations. 
1. Introduction 
The unsteady flow of air through successive blade rows of a gas turbine engine can often influence the dynamic structure behavior of the blades. 
These fluid-structure interactions can give rise to complex, two-way, aero-elastic phenomena in which energy is transferred from the main stream to 
the structure and vice-versa, which may lead to the growth of the vibration amplitude and eventually to structural failure. The majority of flight time 
for low pressure turbines (LPTs) is spent at high altitudes, where low air density results in low Reynolds numbers which are prone to separation and 
transition effects due to the adverse pressure gradient present on the suction surface of the blade [1]. A significant amount of research and effort was 
devoted to improve the efficiency of LPTs [2] and high levels of efficiency (90-93%) have since been attained. Focus has now shifted towards reducing 
weight and manufacturing costs, without compromising on high levels of efficiency [3]. ‘High-lift’ blade designs, in which the aerodynamic loading on 
each blade is increased significantly [4], ensure that the required stage loading is achieved with fewer blades, thereby reducing the total weight of the 
engine. These design goals decrease flutter in LPTs [5] and attain higher per-stage loading conditions and shock structures [6]. Izadpanah et al. [7] 
numerically investigated the fluid flow over oscillating blade in a straight channel. They concluded that in most cases the effects of the oscillation angles 
are higher than the oscillating velocity on thermal performance enhancement. Evaluating the effects of the geometrical parameters on the performance 
of the other turbines, such as wind turbines [8, 9] and vertical axis turbines [10] revealed that appropriate design of the blades play important role in 
aerodynamic designs.  
 
Crack initiation and propagation and destructive failure depend on the type of excitation (forced or self-excited) experienced by the blade [11] and 
accurate prediction of flutter and forced response in turbomachines remains one of the greatest unsolved challenges for the industry [12]. Much effort 
has been made over the past two decades to seek efficient numerical approaches for turbomachinery aeromechanical analysis and design with various 
fidelity levels. Conventional time-linearized harmonic methods often exhibit solution divergence for separated flows and, hence, such techniques would 
be inadequate for modelling flow through modern LPTs where flow separation is inevitable. Aerodynamic damping calculations have been performed 
using frequency domain methods in an isolated rotor row. However, it has been shown by Silcowski & Hall [13] that multistage effects can have a 
significant impact on the middle blade-row rotor aerodynamic damping due to the acoustic upstream mode from the rotor onto the stator being 
reflected back onto the rotor with the same frequency as the stator wake. Therefore, a fully coupled, multi-row analysis is required for more accurate 
flutter predictions than the isolated blade-row case. Shams et al. [14] evaluated the torsional aeroelasticity of a wind turbine blade by using a new 
aerodynamic method at different Reynolds numbers. They concluded that the presence of static stall makes the amount of torsion smaller. The effects 
of different attack angles were also examined by them.  
 
Many numerical and experimental investigations are done in recent years for optimizing various turbine geometries [15, 16]. It was deduced that 
 John Smith et. al., (Author’s names) Vol. x, No. x, 20xx 
 
Journal of Applied and Computational Mechanics, Vol. xx, No. x, (20xx), xx-xx   
2 
the unsteadiness flow structure over the blades has significant impact on the performance improvement of the turbines. Besides, Bovand et al. [17], and 
Rashidi et al. [18] showed that estimating the wake structure and flow separating point over aerodynamic objects, such as turbine blades and bluff 
bodies, can help to control the flow over the structure. Recent review article of Rashidi et al. [19] suggested that accurate prediction of the wake 
structures, flow unsteadiness [20], and vortex flows over the oscillating surfaces in essential in both aerodynamic and hydrodynamic applications. In 
summary, various sources of unsteadiness (see Fig. 1) such as wakes, multi-stage effects and pressure loadings can influence flutter and forced response 
in turbomachinery. However, very little is known about how the various sources of unsteadiness influence aero-elastic stability of turbomachinery 
blades. Whilst the long-term goals are to gain an understanding of all of the aforementioned sources of unsteadiness by performing suitable parametric 
analyses employing high-fidelity 3-dimensional Direct Numerical Simulations (DNS) of multiple blade-rows in order to be able to optimize efficiency, 
aerodynamic loading and weight, the immediate goals of the current paper are more modest: to utilize DNS to perform a parametric study of the forced-
response of a 2-dimensional LPT blade cross-section. Experience gained in the analysis of low Reynolds and Mach number cases and incompressible 
flow will assist future studies where more realistic conditions are considered, which will be followed by studies of multiple fully 3-dimensional blade-
rows. 
 
Fig. 1. Schematic view of the flow structure in T106 LPT stage. 
 
 
The novelty of this approach is two-fold: firstly, in its application of low polynomial order h-type solvers as well as higher p-order piecewise 
polynomial order solvers in the form on the Nektar++ code to the study of turbomachinery, where previous DNS studies of turbomachinery have been 
based on the harmonic balance methods [21] and phase solution methods [22-24], and, secondly, in that it presents the opportunity to undertake a 
pioneering study on the effect of vibrations on modern ‘high-lift’ LPTs. As a result of this the study should be considered significant in two ways. Firstly, 
there is a lack of experimental data which study the mechanism of interactions between transient flows, blade structures and aero-elastic instabilities 
in modern LPTs. This is in part due to the difficulty associated with obtaining such data experimentally. Secondly, this study will act as a benchmark 
against which low-fidelity codes may be compared. 
2. Physical Description 
Before beginning a discussion of the results obtained, we firstly describe the flow geometry and mesh used to perform the Direct Numerical 
Simulations and the boundary and initial conditions which were applied to these simulations. The T106A low-pressure turbine cascade has been studied 
extensively both in experiments [1], and numerical simulations [25, 26].The T106A profile represents the mid-span of the Pratt and Whitney PW2037 
rotor airfoil [27]. The geometrical details are shown in table 1 and the blade geometry is illustrated in Fig. 2: 
 
Fig. 2. Geometrical parameters of T106A low-pressure blade. 
 
Table 1. T106A low-pressure blade cascade specifications. 
 
Chord length (C) 1000mm 
Axial chord length (L) 859mm 
Pitch (P) 798mm 
Span 1894mm 
Suction surface length 1337mm 
Pressure surface length 1162mm 
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Design exit flow angle 63.2° 
Blade stagger 30.7° 
Inlet flow angle 37.7° 
 
The mid-span section of a single passage of the cascade is meshed, using periodic boundary conditions both in the pitch and span directions. 
Upstream wakes are neglected, allowing for a clean, steady flow condition to be implemented at the inlet. In practical terms, both x- and y components 
of velocity are imposed explicitly (Dirichlet condition) and the gradient of the pressure (Neumann condition) at the inlet. The reverse holds true for the 
outlet: the pressure is subject to a Dirichlet condition and the velocity components to Neumann conditions. The computational domain consists of a 
mixed mesh such that the majority of the domain consists of triangular elements, whereas the boundary layer is made up of quadrilateral elements. 
 
As has been mentioned at the end of Section 1, this preliminary investigation is limited to low Mach and low Reynolds number cases, allowing the 
approximation of incompressible flow. The Reynolds number is primarily limited to cases for which Re=8000, with comparison in the case of a 
stationary blade made to cases of Re=60,000. Parameter values pertaining to this flow are shown in table 2, where it should be noted that the velocity, 
uref, is incident to the inlet at the inlet flow angle, α=37.7°, such that x- and y-velocity components    ,, cos sinref refu uv u α α . Subsequent simulations, 
such as those for higher Reynolds numbers or those which incorporate blade vibrations, took the output of lower Reynolds number, stationary blade 
simulations as their initial condition. 
 
Table 2. Turbulent flow parameters over LPT blade. 
 
Flow parameters Values 
Ma 0.1 
Re 8000 
Pr 0.72 
uref 34.3 𝑚𝑠ିଵ 
pref 0 𝑃𝑎 
refρ  1.225 𝑘𝑔𝑚ିଷ 
 
 
3. Mathematical Formulation  
3.1 Governing Equations 
The two-dimensional incompressible Navier-Stokes (N-S) equations in a two-dimensional Cartesian domain, Ω, can be written as[28]: 
 
. 0 U  (1) 
21.
Re
P
t
    

U U U U  (2) 
where  ,u vU is the fluid velocity in the x- and y-directions, respectively, P is the pressure and ν is the kinematic viscosity. Nektar++ uses a 
discontinuous spectral-hp element method, which combines both h- and p-type refinements (i.e. partitioning of the computational domain into separate 
elements together with spectral resolution within each element). Convergence is achieved by refining the mesh and/or increasing the polynomial order 
of the approximation. Nektar++’s incompressible flow solver allows one to solve the incompressible N-S equations by means of the Velocity Correction 
Scheme in which the velocity and pressure systems are decoupled. This splitting scheme is chosen due to its numerical efficiency. Of particular 
importance in the current study is Nektar++’s ability to simulate a moving body (e.g. a vibrating aerofoil blade) by imposing a forcing term. This allows 
one to solve the interaction system of an incompressible fluid flowing past flexible moving bodies without the difficulty and computational expense 
involved in a moving mesh. Body-fitted coordinates are employed so that an additional acceleration term (i.e. forcing term) is introduced to the 
momentum equations by the non-inertial transform from the deformed and moving coordinate system to the non-deformed and stationary one. 
Although several types of forcing are possible, the one that is utilized for the current study is the forced type, in which the vibration profiles of the 
moving body are specified by a given function. For the present work the vibration is limited to a single direction as specified in the next sections. Further 
details of the mathematical background and numerical implementation upon which the open-source spectral/hp-element code Nektar++ can be found 
in [29, 30].Details of the implementation of the vibration by means of coordinate transformation in Nektar++ can be found in Bao et al. [31, 32]. It is 
worth pointing out that similar numerical studies employing the finite element method and using a body-fitting coordinate transformation have been 
used to investigate the effects of flow-induced vibrations past a vibrating cylinder. 
 
3.2 Mesh Generation and Forced Response Analysis 
 
The mesh and boundary layer (BL) parameters have the values shown in table 3. The spatial resolution near the wall satisfies the following 
conditions: 
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where P is the polynomial order of the expansion basis and Δx and Δy are the wall spacing of the mesh in the tangential and normal directions to 
the blade surface respectively. The viscous length scale v is calculated at each point of the blade by evaluating the local shear stress along the blade: 
v
w
 

   (4) 
Finally, forced-response vibrations are imposed on the blade allowing movement in the y-direction alone. The blade oscillates about a fixed position 
with frequency, f, and amplitude, A, such that the coordinates of the blade are     ,0 ,0, , cosi i tx y x y A   and the components of the vibrational 
velocity are     i, 0 s, nu v A t     where  ,0 ,0,i ix y are the set of points which describe the surface of the blade at time t=0 and ω=2πf is the angular 
frequency. The range of values for the frequency and amplitude which were chosen for this initial investigation of the effects of forced-response 
vibrations are: f={100,200,400} and A⁄C varied between 0.001-0.1.  
 
Table 3. Mesh and boundary layer conditions. 
 
Parameters Parameter symbols Values 
Mesh size at outer boundary outersΔ  0.05 
Mesh size adjacent to BL innersΔ  0.002 
Number of BL layers NBL 4.0 
BL progression ratio h2/h1 1.1 
BL mesh size normal to blade yΔ  (mm) 0.0017 
BL mesh size tangent to blade xΔ  (mm) 0.002 
 
 
For the purpose of analyzing the resulting data and comparing with the harmonic balance and phase solution methods [22, 23] the velocity in the 
x- and y-directions and the pressure may be decomposed into the components which arise due to the background flow field and due to the vibration of 
the blade, such that: 
   cos sinBAQ tQ tQ Qω ω     (5) 
For Q={u,v,p}, where Q represents the component of Q arising due to the flow field and AQ , and BQ represent the components arising due to the 
vibration of the blade. These parameters may be determined by solving the set of linear equations formed by considering Q at any 3 times during a 
single period of the vibration. 
4. Results and Discussions 
The instantaneous pressure and vorticity fields for the case of a single row of stationary T106A blades at Re=8000 and Re=60,000 are shown in Fig. 
3. The maximum pressure value obtained throughout the whole domain pressure fields was approximately constant for both cases, but the magnitude 
of the minimum value increased by 50% for the higher Reynolds number case. The pressure in the immediate vicinity of the blade does not show any 
visible difference between the two cases (see also discussion of Fig. 5). Although the downstream pressure fields in both cases are predominantly 
negative or of low positive values, in the Re=8000 case a clear pattern of low pressure regions is visible, whereas in the Re=60,000 case there is far 
greater disorder of such regions. The instantaneous vorticity fields exhibit even more marked differences between the two cases. Firstly, the boundary 
layer region in the lower Reynolds number case appears significantly thicker than in the higher Reynolds number case. Secondly, there is clear 
separation of the boundary layer in the lower Reynolds number case towards the trailing edge of the blade, which is not apparent at all in the higher 
Reynolds number case. Finally, the vortical structures exhibited by the Re=8000 case show much more regularity than those exhibited by the Re=60,000 
case: the areas of positive and negative vorticity are well-defined at the lower Reynolds number, but show considerable intermittency at the higher 
Reynolds number. It is worth noting that the ranges of both the pressure and the vorticity values in the color bars in both cases have been limited to 
allow for easier comparison. 
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a) 
 
b) 
 
c) 
 
d) 
 
  
Fig. 3. Instantaneous (top) pressure and (bottom) vorticity fields for a single row of stationary T106A blades for the cases (left) 𝑅𝑒 = 8000 and (right) 𝑅𝑒 =
60,000. The same ranges for pressure and vorticity, respectively, have been used in both cases and have been centered at zero. 
 
 
Validation of the mesh used to obtain the instantaneous fields shown in Fig. 3 was obtained by considering the similar case which was investigated 
by Wissink [26] for which α=45.5° and Re=51,831. Good comparison was found for the velocity ratio given by Wissink as 1.57 and obtained using the 
current mesh to be 1.54. The wall static-pressure coefficient,    /p inout outc p p p p   , as given by Wissink was also compared and the results are 
shown in Fig. 4. The mean value of the pressure at the outlet was used for the parameter outp and it was found that best fit was obtained when taking 
uref=uout. With these parameter values, both pressure and suction surfaces show good qualitative fits, although quantitatively the pressure surface of the 
blade is a better fit than the suction surface. 
 
 
Fig. 4. validation of pressure coefficient,𝐶௉, over a stationary LPT blade with Re=51,831 and 𝛼 = 45.5° with previous numerical and experimental studies [26]. 
 
The instantaneous fields shown in Fig. 3 were obtained by allowing the initial conditions to evolve until the total kinetic energy (KE) of the system 
assumed an approximately constant value. The temporal evolution of the kinetic energy (KE/KE0), where KE0 is the initial kinetic energy of the system, 
is shown in Fig. 5 (top) as a function of the normalized time (t/tC), where tC=L/uref is the equivalent chord length (i.e. one equivalent chord length is the 
time taken for the mean flow to travel the length of the aerofoil). The normalized kinetic energy can be seen to attain a value of 2.0 at t⁄tC =2.0, after 
which time it remains approximately constant. 
 
The variation of the pressure coefficient, along the surface of the blade for Re=8000 obtained using the current mesh is shown in Fig. 5 (middle) 
and the results for the higher Reynolds number case (Re=60,000) were compared to those of the lower Reynolds number case and were found to 
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coincide along almost the entire surface of the aerofoil with the exception of a small region near the trailing edge on the suction surface of the blade for 
which the pressure coefficient is greater in the Re=8000 case. Fig. 5 (bottom) also shows the variation of the wake loss, we=(p-pinlet)/(1/2 ρref u2ref), in the 
pitch direction. The wake loss has been evaluated at a location 0.35C downstream of the trailing edge which coincides with localized regions of low 
pressure in both the Re=8000 and Re=60,000 cases. The profiles for wake loss shown in Fig. 5 show that, although the same qualitative results persist 
in both cases, the magnitude of the wake loss is consistently lower for the higher Reynolds number case across the entire pitch direction. It can be seen 
that two peak points are detected in the wake profile over the LPT blade at both Re=8000 and 60,000. This is mainly due to the vortex generations over 
the blade for different Reynolds numbers. It can be seen that the maximum value of we=2.41 could be achieved for Re=60,000 at pitch ratio of 0.77.  
 
𝑲
𝑬
/𝑲
𝑬 𝟎
 
𝒕/𝒕𝒄 
−
𝑪 𝑷
 
𝒙/𝑳 
−
𝒘
𝒆 
𝒚/𝒑𝒊𝒕𝒄𝒉 
 
Fig. 5. (Top) Variation of total normalized kinetic energy, 𝐾𝐸/𝐾𝐸଴, with normalised time, 𝑡/𝑡௖, for a single stationary T106A blade for the case 𝑅𝑒 = 8000. Variation 
of (middle) pressure coefficient, −𝐶௉, over the surface of a stationary T106A blade and (bottom) wake losses, −𝑤௘ , at a distance 0.35𝐶 downstream of the trailing edge 
of the blade for the cases (red solid line) 𝑅𝑒 = 8000 and (blue dashed line) 𝑅𝑒 = 60 000. 
 
 
Forced-response vibrations were introduced at this point and were allowed to develop fully over a time equivalent to t=4Tv, where Tv=1/f. The 
instantaneous fields were produced after this time had elapsed, whereas mean and fluctuating data were calculated based on 3 snapshots taken within 
the fourth and final time period of the vibration, namely: ωt=π,1.8π,2π. The parametric investigation of the vibrations consisted of three frequencies, 
f=100,200,400, and different amplitudes, to allow for both the effects of increasing frequency and amplitude to be observed and analyzed. Fig. 6(i-ii) 
show the instantaneous pressure and vorticity fields respectively in the immediate vicinity of a single vibrating T106A blade out of the blade row. Only 
the larger 2 amplitudes are shown for each frequency of vibration since these cases exhibit the most significant vibration-based effects. Although the 
maximum magnitude of the pressure fields increases both with increasing frequency and amplitude, all sub-figures in Fig. 6(i) have been centered at 
zero to enable some degree of comparison between different cases. As such, it is readily apparent that the region upstream of the blade in each case 
remains largely positive in terms of pressure and the region downstream remains of negligible magnitude (i.e. close to zero). It is also clear that locations 
of low or negative pressure, corresponding to vortical structures (see Fig. 6(ii)), have developed in the vicinity of both the leading and trailing edges. 
The size and magnitude of these regions increase with increasing frequency and amplitude, although the effect of increasing amplitude appears more 
significant than that of increasing frequency, for the values considered in this study. In addition to this, the distance upstream of the leading edge which 
is inhabited by these locations of low or negative pressure increases both with frequency and amplitude. 
 
A similar approach was adopted for the visualization of the instantaneous vorticity fields in Fig. 6(ii), although in this instance, besides centering 
the color scale at zero, the same magnitude was adopted for all cases. In this figure remnants of the organized vortical structures visible in Fig. 3(c) 
persist in the region of the outlet for some cases (see Fig. 6(ii) c-f). However, in the vicinity of both the leading and trailing edges vortical structures of 
larger magnitude, and sometimes diameter, have developed. As in the case of the pressure fields, these structures increase in size and magnitude with 
both increasing frequency and amplitude, and the effect of increasing amplitude is more apparent than that of increasing frequency for the values of 
the parameters considered here. Also, the distance upstream to which the vortical structures extend increases in most cases with both increasing 
frequency and amplitude. Furthermore, there is a noticeable region of negative vorticity in the immediate vicinity of the suction surface. This region 
remains well-behaved for the lower amplitude vibrations at all frequencies, ‘hugging’ the upper surface of the blade and remaining of consistent 
thickness but exhibits far more volatile behavior for the higher amplitude vibrations. 
 
The temporal variation of the vortical structures is considered in the context of a single period of oscillation of the blade. Starting from a location 
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near to the apex of its vibration (ωt=0.4π), the blade moves to locations near to its lowest position (ωt=0.8π,1.2π). The sub-figures show that near the 
apex position the vorticity along both surfaces of the blade in the vicinity of the trailing edge is predominantly positive, although the vorticity layer is 
thicker on the pressure side than on the suction side. Adjacent to the layer on the suction side near the trailing edge is a small region of negative vorticity. 
As the blade moves downwards under the effect of the vibration the small region of negative vorticity diminishes in size and strength, as does the 
positive vorticity layer along the suction surface – the positive vorticity layer along the pressure surface remains largely unaffected by the effects of the 
vibration. As the positive vorticity layer along the suction surface reduces in strength and width, a negative vorticity layer develops near to the trailing 
edge, which appears to ‘creeps’ further along the suction surface of the blade, until it has replaced the positive vorticity layer for as far as can be seen in 
these figures. This development accompanies the formation of a new vortex near to the trailing edge, which is shed as the blade returns to its apex 
position and at which point in time a new thin positive vorticity layer has formed along the suction surface. 
 
 
𝑨 𝑪⁄ = 𝟎. 𝟎𝟓 𝑨 𝑪⁄ = 𝟎. 𝟏𝟎 
𝒇
=
𝟏𝟎
𝟎 
a) 
 
b) 
 
𝒇
=
𝟐𝟎
𝟎 
c) 
 
d) 
 
𝒇
=
𝟒𝟎
𝟎 
e) 
 
f) 
 
Fig. 6(i). Instantaneous pressure fields for a single vibrating T106A blade with 𝑅𝑒 = 8000 for the cases (left to right) 𝐴 𝐶⁄ = 0.05,0.10 and (top to bottom) 𝑓 =
100,200,400.  
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a) 
 
d) 
 
b) 
 
e) 
 
 
Fig 6(ii). Evolution of instantaneous vorticity fields for a single vibrating T106A blade with 𝑅𝑒 = 8000 for the case 𝐴 𝐶⁄ = 0.005 and 𝑓 = 400 at times (a-
e) 𝜔𝑡 = 0.4𝜋, 0.8𝜋, 1.2𝜋, 1.6𝜋, 2.0𝜋. 
 
 
Fig. 7 shows the variation of pressure over the surface of the vibrating blades for all cases considered here. The data for this figure is that which 
was produced after the entire simulation time had elapsed. It is apparent from comparing the first (stationary case) and subsequent (vibrating cases) 
rows of Fig. 7 that the effect of the vibrations is significant for all but the smallest amplitudes and frequencies and that even the most modest changes 
in either can lead to significant differences in both the shape and magnitude of the pressure profile. More specifically, it is apparent that an increase in 
the amplitude of the vibration leads to a significant increase in the magnitude of the pressure on the whole length of the lower, pressure surface of the 
blade, with the magnitude of the change increasing with increasing frequency. There is, however, a lesser, but nonetheless noticeable, change in the 
pressure on the suction surface of the blade, such that the change varies along the length of the blade: the leading edge undergoes an increase in the 
pressure, but the trailing edge undergoes a decrease in pressure. The magnitude of the change increases with increasing frequency and also the location 
on the suction surface at which the increase/decrease switch takes place moves closer towards the trailing edge with increasing frequency. The same 
pattern can be observed for the higher amplitude vibrations (Fig. 7, bottom row). However, in these cases, for the highest amplitudes (A⁄C=0.05,0.10) 
there is an onset of fluctuations in the pressure profile, especially along the suction surface of the blade. The fluctuations increase both with increasing 
amplitude and frequency. 
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𝑷
 
   
 𝒙/𝑳 𝒙/𝑳 𝒙/𝑳 
Fig. 7. Variation of pressure, 𝑃, over the surface of stationary and vibrating T106A blades with 𝑅𝑒 = 8000 for the cases with frequencies (left to right) 𝑓 =
100,200,400 and amplitudes: (first row) 𝐴 𝐶⁄ = 0.000 (black, dashed) , (second row) 𝐴 𝐶⁄ = 0.001,0.002,0.005 (black-red-blue) and (third row) 𝐴 𝐶⁄ =
0.01,0.02,0.05,0.10 (black-red-blue-green). 
 
 
In order to evaluate the mean and fluctuating components (i.e. components arising due to the mean flow and due to the vibrations respectively) of 
the pressure independently around the blade, 3 sets of data taken during the final time period of vibration are considered. Fig. 8 shows the mean 
pressure component, P and the fluctuating components, AP , and BP for all cases considered here. The information conveyed by this figure with regard 
to the mean component and the total fluctuating component reinforces that which was already observed in Fig. 7. Namely, that only for smallest 
amplitudes and lowest frequency vibrations (i.e. A⁄C=0.001,0.002 and f=100) can the fluctuating component be considered negligible in comparison 
to the mean component. In a further number of limited cases (i.e. A⁄C=0.005 and f=100, A⁄C=0.001,0.002 and f=200) these components can be 
considered to be of similar importance. However, a further increase of either parameter leads to the development of significant further differences, such 
that the mean component becomes negligible in comparison to the component arising due to the vibrations. It is also noteworthy that the total 
fluctuating component on the whole follows closely the first and not the second fluctuating component. BP remains negligible for most cases along most 
of the length of both surfaces of the blade. A few notable exceptions are visible where BP assumes non-negligible values. However, these often serve 
merely to strengthen fluctuations in the total fluctuating component (e.g. for f=400 and A⁄C=0.05 at low value of x/L). The fluctuations observed in the 
profile of pressure in Fig. 7 for higher amplitude vibrations are equally noticeable in the components of P for the same amplitudes and can be seen to 
be a feature of all components of the pressure. 
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Fig. 8. Variation of pressure components, (black-red-blue-green) 𝑃ത, 𝑃෨஺, 𝑃෨஻, 𝑃෨, over the surface of a vibrating T106A blade with 𝑅𝑒 = 8000 for the cases with frequencies 
(left to right) 𝑓 = 100,200,400 and amplitudes (top to bottom)  
 
The variation of the pressure phase angle,  tan / BP AP P   such that -π⁄2< P <π/2, along the blade is shown in Fig. 9. The parameter P  assumes 
values close to ±π/2 when pressure ratio is of large magnitude, which occurs often due to the behavior of the pressure fluctuations (see Fig. 8). 
Furthermore, discontinuities occur as BP drops or rises through zero. Such discontinuities are therefore more common for higher amplitude and higher 
frequency vibrations, where the sign of BP changes frequently (as seen in Fig. 8). However, for lower amplitudes (A⁄C≤0.05) a pattern develops: at low 
frequency the parameter P ≤-π/4, which tends to -π/2 as the frequency increases. In addition, there exists a discontinuity in the region of x⁄L≈0.7 at 
all frequencies and at all amplitudes, and the gradient of P in the vicinity of this discontinuity becomes increasingly steep as the frequency increases. 
This feature of the data is more readily apparent from the scatter plots of the manipulated data, which show the variation of the pressure phase angle 
along the blade. This particular discontinuity corresponds, not to minor oscillations due to the fluctuations, but to a clearly apparent (see Fig. 8) switch 
over in sign as of AP drops below zero and BP rises above zero along the suction surface of the blade as the trailing edge is approached. 
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Fig. 9. (Rows 1,3) Variation of pressure phase angle, 𝜙௉, and (rows 2,4) scatter plot of 𝜋 2⁄ − |𝜙௉| over the surface of a vibrating T106A blade with 𝑅𝑒 = 8000 for 
the cases with frequencies (left to right) 𝑓 = 100,200,400 and amplitudes (rows 1-2) 𝐴 𝐶⁄ = 0.001,0.002,0.005 (black-red-blue) and (rows 3-4) 𝐴 𝐶⁄ =
0.01,0.02,0.05,0.10 (black-red-blue-green). 
 
As in the case of the stationary blade, the wake loss has been evaluated at a position 0.35C downstream (in the x-direction) of the trailing edge of 
the blade, henceforth referred to as the ‘wake loss position’. The total wake loss can be decomposed into components which arise due to the mean flow 
and due to the vibrating motion of the blade. To this end, the same 3-time reference points that were utilized to evaluate the pressure components (i.e. 
ωt=π,1.8π,2π) were again utilized to evaluate the wake loss components. Fig. 10 shows the variation of the total pressure at both (Fig. 10(i)) the inlet 
and (Fig. 10(ii)) the wake loss position at these 3 times. It is of considerable importance to notice that the inlet pressure, although not varying 
significantly across the inlet, varies considerably with time, whereas the total pressure at the wake loss position exhibits the opposite dependence. 
Furthermore, for low amplitude and low frequency the inlet pressure at the bottom of the blade’s oscillation (ωt=π) is strongly positive, but as either 
amplitude or frequency increase the inlet pressure becomes strongly negative. In contrast the inlet pressure at or near the top of the blade’s oscillation 
(ωt=1.8π,2π) is strongly positive. Most inlet pressures, with the exception of cases for which the inlet pressure at the bottom of the blade’s oscillation 
(ωt=π) is transitioning through zero, are of similar order of magnitude, in contrast to the lower order of magnitude at the wake loss position, with the 
exception of where the wake loss position coincides with a vortical structure. Although both the magnitude of the total pressure at the inlet and the 
magnitude of the total pressure inside the vortical structures at the wake loss position increase with increasing vibration amplitude and/or frequency, 
the magnitude of the vortical structures increases at the higher rate. Fig. 11 shows the total wake loss at the three time instants, which once more 
emphasizes the dependence of this parameter on the location of the blade in its oscillation: the total wake ‘loss’ represents a total wake ‘gain’ (-we is 
negative) when the blade is at the lowest point in its oscillation. The magnitude of ew increases with increasing vibration amplitude and frequency. 
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Fig. 10(i).  Variation in pitch direction of pressure wake 0.35𝐶 downstream of trailing edge at times (red-blue-green) 𝜔𝑡 = 𝜋, 1.8𝜋, 2𝜋 of a vibrating T106A 
blade with 𝑅𝑒 = 8000 for the cases with frequencies (left to right) 𝑓 = 100,200,400  and amplitudes (top to bottom)  
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Fig. 11. Variation in pitch direction of wake loss, 𝑤௘ , 0.35𝐶 downstream of trailing edge at times (red-blue-green) 𝜔𝑡 = 𝜋, 1.8𝜋, 2𝜋 of a vibrating T106A blade 
with 𝑅𝑒 = 8000 for the cases with frequencies (left to right) 𝑓 = 100,200,400 and amplitudes (top to bottom)  
 
 
The mean, and fluctuating components of the wake loss are shown in Fig. 12 for all cases considered here. As was observed with regard to the 
pressure (see Fig. 8), the most significant component in most cases is the fluctuation in A direction, which dominates over B in the evaluation of the 
mean vorticity. The magnitude of the dominant component(s) increase(s) with increasing vibration amplitude and/or frequency and remains positive 
throughout all cases with almost no exceptions. The magnitude of fluctuations remains close to zero in all cases, except for a number of fluctuations 
which correspond to the location of vortical structures at the wake loss position. As a result of the negligible values which eBw attains and the dominant 
and positive nature of eAw the wake loss phase angle, we , assumes values close to ±π⁄2 for most parameter values considered here. The plots of this 
parameter are shown in Fig. 13 and the most noticeable exceptions occur for the largest amplitude vibrations (i.e. A⁄C=0.10) where the magnitude of
eBw becomes comparable to that of eAw in the vicinity of large vortical structures. This behavior is amplified by increasing frequency. 
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Fig. 12.  Variation in pitch direction of components of wake loss (red-blue-green-magenta), −(𝑤௘തതതത), −(𝑤௘෦)஺, −(𝑤௘෦)஻, (𝑤௘෦), 0.35𝐶 downstream of trailing edge of a 
vibrating T106A blade with 𝑅𝑒 = 8000 for the cases with frequencies (left to right) 𝑓 = 100,200,400  and amplitudes (top to bottom). 
 
 
 
5. Conclusion 
The Spectral/HP element method has been applied to perform DNS over a single T106A turbine blade-row using Nektar++’s incompressible flow 
solver for the 2D Navier-Stokes equations. The blades were subjected to one dimensional, pitch-wise forced-response harmonic vibrations and the effect 
on the resulting flow field was studied parametrically with respect to the amplitude and frequency of the vibrations. The pressure and vorticity fields 
showed the presence of vortical structures which had developed in the vicinity of both the leading and trailing edges. Under sufficiently large amplitude 
and frequency the vortical structures associated with the leading edge were seen to travel upstream, affecting the flow’s behavior between the inlet and 
the leading edge. It was shown that on the blade surface the vibration-induced pressure component, P ̃, played the most significant role in all but the 
smallest amplitude vibrations, and that the behavior of P itself followed closely that of AP  (as opposed to BP ). Increases in vibration amplitude and/or 
pressure resulted in an even stronger P ̃_A dominance but were accompanied by fluctuations in the pressure profile along the suction surface. The 
pressure field in the vicinity of the inlet and, consequently, the wake loss was shown to be strongly affected by the vibrations and in particular by the 
position of the blade in its oscillation. A breakdown of the wake loss into its components revealed a similar trend to that observed around the blade, 
namely that it was dominated by the vibration induced component ew , or more specifically, by eAw . Further analysis is now required in order to explain 
the underlying physical reasons that lead small-amplitude vibrations to dominate over the mean flow-field effects. 
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